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LETTER TO THE EDITOR 

Lie symmetries and Painlev6 test for explicitly space- and 
time-dependent nonlinear wave equations 

N Euler, M W Shul’gat and W-H Steeb 
Department of Applied Mathematics and Nonlinear Studies, Rand Afrikaans Univenity, 
PO Box 524. Auckland Park 201%. South Africa 

Received 13 Janu;uy 1993 

Abstract. We investigate the Lie symmetry vector fields of the wave equation 
Ou+ f(z1,. . . , znr U) = 0 where f is same nonlinear smooth function and n > 2 The 
Painlev6 test is considered for the construction of explicitly space- and timedependent 
integrable one-space-dimensional nonlinear wave equations 

The construction of Lie symmehy vector fields and the associated Lie transformation 
group that leaves a partial differential equation invariant is well documented in the 
literature (Ovsiannikov 1982. Olver 1986, Fushchich et al 1989, Bluman and Kumei 
1989, Euler and Steeb 1992). 

In this letter we investigate the equation 

ou + f ( X l , .  .. ,I,,U) = 0 (1) 

where 

with x, t and n 2 2. The underlying metric tenmr field is given by 

n-1 

g = z d z i  @‘xi - dx., @dx,. (3) 
i= l  

Equation (l), with f = 0, can be derived from 

d(*du) = 0 

where d is the exterior derivative and * the Hodge-star operator (Euler and Steeb 
1992). 

t On leave from the Institute of Mathematics, Ubaiainian Academy of Saences, Kiev, Ukraine. 
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The conformal vector fields 2 for the metric tensor field (3) on Rn form an 
( n  + l ) ( n  + 2)/2-dimensional Lie algebra. These vector fields are defined by 

L2g = P 2 S  

for some Cm function p z  where L z ( . )  denotes the Lie derivative. The basis of the 
Lie algebra is spanned by 

i = 1 , 2 , .  . . , n  - 1 
a 

pi = - PV, = 0 ax; 

E,. = xi- - x . -  
11 asj 1 axi i # j ,  i, j = l , 2  ,..., n - 1  a a 

P7z.j = 0 

n 

Ps = 2 
j = 1  

n-1 

3 ax, i=l  

Note that the vector fields 7, Pi, Ri j  and Li are the Killing vector fields for (3). 
The physical interpretation of the given vector fields is the following: 7 generates 
time translation; P, space translation; Rij space rotation; .Ci space-time rotations, 
and S the uniform dilatations or scaling ( x l , .  . . , xn )  H . . , xn) where 
e > 0. Z,, is the conjugation of 7 by the inversion in the unit hyperboloid 
Q:(x$ ,..., x n ) - ( x 1  ,..., X , ) / ( C ~ = ~  xf-x:),andtheZ, are theconjugations 
of the 'Pi by Q. 

For the case n = 2 we now consider the explicitly space and timedependent 
equation 

n - I  

where x2 

Theorem. Equation (4) admits the Lie symmetry vector field 

1. We can state the following. 
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with 

if and only if 

where g is an arbitrary smooth function of its argument and b,, b2, c,  A,, A, E 'R.. 

&of. In the 2-jet bundle J2(R3) ,  equation (4) determines a submanifold given by 
the constrained equations 

FEU,1-u22+f(+l,12,u)=0. (6) 

The invariance condition is given by L i F G O  where Z' is the prolonged vector field 
and G stands for the restriction to the solution of (6) and its prolongations. For the 
given Lie symmetry vector field we obtain the condition on f as 

where w = z: - z;, with the general solution given by (5). 

conjugations 
Equation (4) thus admits, in addition to the rotation L,, the field-extended 

Note that the vector fields ( L l , I j , 1 2 )  form a three-dimensional Lie algebra with 
"mutation relation 

[.G311I=I2 [L1,IzI=I1 [ I , , I Z l = O  

if and only if A, = 0. This condition is imposed by the commutation relations. 
Before we apply the Painlev6 test we briefly describe the approach used. The 

conjecture is that a nonlinear partial differential equation is integrable (by the inverse- 
scattering transform, Backlund transformation, or some other method), if and only if 
it possesses the Painlev6 property (possibly after a change of variables)-see Steeb 
and Euler (1988), Ward (1988) and Weiss (1986) for more details. The formulation 
is as follows: Suppose we have a nonlinear partial differential equation with analytic 
coefficients (or a set of M partial differential equations for M functions, denoted 
collectively by U). Complexify the functions, so that we now have M holomorphic 



L310 Letter to the Editor 

functions with complex independent variables. Let 4 be a holomorphic function such 
that + = 0 is not a characteristic hypersurface for the partial differential equation. 
The power series 

m 

U = +-a X U j @  (7) 
j=O 

is then considered where a is a suitable positive integer which is given by the dominant 
behaviour of the equation. This power series must then be substituted into the 
partial differential equation. This leads to recursion relations between the uj. The 
Painlevk property states that the recursion relations should be consistent, and that the 
expansion (7) should contain the maximum number of arbitrary functions (counting C$ 
as one of them). We also say that the partial differential equation passes the Painlev6 
test. The position in the expansion where the arbitrary functions should occur are 
called the resonances. 

We now apply the Painlev6 test to the wave equation (4) with the function (5) 
where A, = A ,  = 0 .  For the purpose of this study we consider the explicitly 
space- and time-dependent sine-Gordon equation, Jiouville equation, and Mikhailov 
equation which are special cases of (4) with the function (5). We introduce arbitrary 
space- and time-dependent functions in the above equations. Application of the 
Painlev6 test then results in conditions on these arbitrary functions. The relation 
to (4) (together with the function (5))  and its symmetries is discussed. 

Case 1. We consider the explicitly space- and timedependent sine-Gordon equation 

a2u a2u 
7 - 7 + h ( x l , x 2 ) s i n u = 0  ax, a x 2  

where h is a smooth function. It is well hown that the above one-dimensional sine- 
Gordon equation, with h = 1, is integrable by the inverse scattering transform and 
that it passes the Painlev6 test after the transformation of the dependent variable, i.e. 
U = exp(iu). Applying this transformation to (8) gives 

We now ask the following question: is there a non-trivial smooth function h such that 
(9) passes the Paidevk test? Inserting the ansaa U a v&" we find a = -2 and 

U. = 4( ("")* - (gg) h-1 . 
a x 2  

The resonances are {-1, 2). inserting expansion (7) into (9) yields 

U, = 4 (- a24 - -) a2+ h - I .  
a x :  ax; 

At the resonance 2 we obtain 
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We thus obtain the constraint on h, namely 

Here h, and h, are arbitrary smooth functions. Solution (11) .--JWS from the fact 
that (IO) can be transformed to the linear wave equation 

a2L a27L 

by applying h = exp(L). We thus fmd that 

passes the Painlev6 test. Equation (12) is integrable since it can be transformed to 
the Sine-Gordon equation 

Equation (12) thus admits the symmetry vector fields L,, I, and I ,  (with X i  = XZ = 
0). 

Case 2. We consider the explicitly space- and time-dependent Liouville equation 

f h(xl,  xz)eU = 0. 8% azu 
ax; ax; (15) 

In the case where h = 1, (15) is integrable and passes the Painlev6 test. Performing 
the Painlev6 test for the above equation we find that (15) passes the Painlev6 test if 
h satisfies the condition given by (10). This relates to (4) and function (5) (together 
with its symmetries) with g(u)  = exp(u) and h,, h, given by (14). 
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Case 3. Finally we consider the explicitly space- and time-dependent Mikhailov 
equation 

For h, = h, = 1 the Mikhailov equation is integrable by a 3 x 3 matrix scattering 
problem. With 2r = exp U (16) takes the form 

Equation (17) has two branches. For the first branch the dominant behaviour is given 
by Q = -2 and the resonances are {-1,2}. The equation passes the Painlev6 test 
(for this branch) if g, satisfies condition (10). No condition is imposed on function 9,. 
For the second branch we find a = 1 and the resonances are {-1, 2). This branch 
imposes a condition on function g,, namely (10). No condition is imposed on gl. 
Since both branches have to be taken into account, we conclude that g1 and g2 
have to satisfy condition (10). This relates to (4) and function (5) (together with its 
symmetries) with g ( u )  = exp(u) + exp(-2u) and h,, h, given by (14). 

In the above three cases we note that if the equations admit the Lie symmetry 
vector fields L,, I, and I ,  (with A, = A, = 0), the equations also pass the Painled 
test. 

Let us now consider the c a e  n 2 3. The case n = 4 was studied by Euler and 
Steeb (1989). It can be shown (see for example Ibragimov 1972) that for n 2 3 the 
equation 

(18) nu - Au(nt2)/(n-2) = 0 

(A E R) admits, in addition to translations T, Pi and rotations Ri j ,  Li, the Lie 
symmetry vector fields 

where S, Ti and Z, are the conformal vector fields of the metric tensor field (3) and 
i f  j = 1,. . . ,n - 1. 

Equation (18) has the Hamiltonian density 

Owing to the scaling vector field S we know that (18) is scale-invariant under 

xi Y &-,xi U y e (n -2 ) /2u .  

Therefore the Hamiltonian density scales as 

x(&(n-Z)/2, en"p;) = E n ' H ( U , P i )  
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so that two resonances (also known as Kowalevski exponents) are given by -1 and n. 
The resonance -1 is associated with the function &. 

For n = 3 and n = 4 the condition at the resonances are not satirfied. We 
consider the following transformation of the dependent variable: 

u(z l , .  . . , xn )  = 2m--2(z1, I . .  ,zn) 

for the case n 2 4. Equation (18) then takes the form 

- ( n - 2 ) ( n - 3 ) ~ ~ - ~  
j=l  

For the dominant behaviour of (19) we fiid that cy = 4. This indicates that (18) also 
does not pass the Painlev6 test for n 2 4. 

Let us mention that within the jet-bundle approach exact solutions for (1) can be 
constructed by considering (Euler and Steeb 1992) 

j s * ( zJe )  = 0 

where 0 := du - E;=, u,dx, is the contact form on the jet bundle J 1 ( E )  and 2 is 
a Lie symmetry vector field (or a linear combination of Lie symmetry vector fields) 
admitted by (1). 
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